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This thesis

Three papers

Permutations of the natural numbers with prescribed
difference multisets (published in Integers, Volume 6 (2006),
article A3),

. 2-pile Nim with a restricted number of move-size dynamic

imitations (accepted for publication in Integers, Volume 9
(2009), article G4),

Restrictions of m-Wythoff Nim and p-complementary Beatty
sequences (accepted for publication in Games of no Chance
2008).
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This thesis

Combinatorial Number Theory

How it all started:
@ The last section of my master's thesis, with J. Knape (2004).
@ A 'Uniqueness property’.
@ A 'greedy permutation’ of the natural numbers (Paper ).

@ Here: A pair of sequences of non-negative integers (Paper |,

.
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This thesis

Which properties are satisfied by the P-set, P?
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Sequences of non-negative integers

Property (U)

Let N denote the positive integers, Ng the non-negative integers.
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Sequences of non-negative integers

Property (U)

Let N denote the positive integers, Ng the non-negative integers.

Let x = (xj)ien, = (X0, X1, --.) and y = (yi)ien, = (Yo, Y1, ¥2, - - -)
be sequences of non-negative integers. Denote with
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Let N denote the positive integers, Ng the non-negative integers.

Let x = (xj)ien, = (X0, X1, --.) and y = (yi)ien, = (Yo, Y1, ¥2, - - -)
be sequences of non-negative integers. Denote with

(Ui) Both x and y are strictly increasing.
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Sequences of non-negative integers

Property (U)

Let N denote the positive integers, Ng the non-negative integers.

Let x = (xj)ien, = (X0, X1, --.) and y = (yi)ien, = (Yo, Y1, ¥2, - - -)
be sequences of non-negative integers. Denote with

(Ui) Both x and y are strictly increasing.

(Uii) X' = (x1,x2,...) and y' = ()1, ¥2,...) are complementary
on N, thatis, X Uy’ =N and X' Ny’ = 0.
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Sequences of non-negative integers

Property (U)

Let N denote the positive integers, Ng the non-negative integers.

Let x = (xj)ien, = (X0, X1, --.) and y = (yi)ien, = (Yo, Y1, ¥2, - - -)
be sequences of non-negative integers. Denote with

(Ui) Both x and y are strictly increasing.

(Uii) X' = (x1,x2,...) and y' = ()1, ¥2,...) are complementary
on N, thatis, X Uy’ =N and X' Ny’ = 0.

(Uiii) For each n € Ng, y, — x, = n.
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Sequences of non-negative integers

Property (U)

Let N denote the positive integers, Ng the non-negative integers.

Definition

Let x = (xj)ien, = (X0, X1, --.) and y = (yi)ien, = (Yo, Y1, ¥2, - - -)
be sequences of non-negative integers. Denote with

(Ui) Both x and y are strictly increasing.

(Uii) X' = (x1,x2,...) and y' = ()1, ¥2,...) are complementary
on N, thatis, X Uy’ =N and X' Ny’ = 0.

(Uiii) For each n € Ng, y, — x, = n.
Denote with (U): (Ui), (Uii) and (Uiii).
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Sequences of non-negative integers

Property (U)

Let N denote the positive integers, Ng the non-negative integers.

Definition

Let x = (xj)ien, = (X0, X1, --.) and y = (yi)ien, = (Yo, Y1, ¥2, - - -)
be sequences of non-negative integers. Denote with

(Ui) Both x and y are strictly increasing.

(Uii) X' = (x1,x2,...) and y' = ()1, ¥2,...) are complementary
on N, thatis, X Uy’ =N and X' Ny’ = 0.

(Uiii) For each n € Ng, y, — x, = n.
Denote with (U): (Ui), (Uii) and (Uiii).

Notice that (Uii) and (Uiii) implies xo = yo = 0.
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Sequences of non-negative integers

A Uniqueness theorem

Theorem (Uniqueness theorem)

There exists one unique pair of sequences x and y satisfying (U).
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Sequences of non-negative integers

A Uniqueness theorem

Theorem (Uniqueness theorem)

There exists one unique pair of sequences x and y satisfying (U).

Proof?
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Sequences of non-negative integers

A Uniqueness theorem

Theorem (Uniqueness theorem)

There exists one unique pair of sequences x and y satisfying (U).

Proof? Generalized and proved in Paper I.
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Sequences of non-negative integers

A Uniqueness theorem

Theorem (Uniqueness theorem)

There exists one unique pair of sequences x and y satisfying (U).

Proof? Generalized and proved in Paper |. We will give a different
proof here by means of the combinatorial game of Imitation Nim
(introduced in Paper II).
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Sequences of non-negative integers

The Minimal EXclusive algorithm

Definition
(Conway 1976) Let X C Ng. Then mex(X) = min(Ng \ X), the
least non-negative integer not in X.
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Sequences of non-negative integers

The Minimal EXclusive algorithm

(Conway 1976) Let X C Ng. Then mex(X) = min(Ng \ X), the
least non-negative integer not in X.

Definition

Let us define a pair of sequences a and b recursively as
ap:=mex{a;,bj | i €{0,1,...,n—1}} and b, := a, + n.
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Sequences of non-negative integers

The Minimal EXclusive algorithm

(Conway 1976) Let X C Ng. Then mex(X) = min(Ng \ X), the
least non-negative integer not in X.

Definition

Let us define a pair of sequences a and b recursively as
ap:=mex{a;,bj | i €{0,1,...,n—1}} and b, := a, + n.

Then, by definition, a and b are increasing, complementary and
(Uiii) is trivially satisfied.
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Sequences of non-negative integers

The Minimal EXclusive algorithm

(Conway 1976) Let X C Ng. Then mex(X) = min(Ng \ X), the
least non-negative integer not in X.

Definition
Let us define a pair of sequences a and b recursively as
ap:=mex{a;,bj | i €{0,1,...,n—1}} and b, := a, + n.

Then, by definition, a and b are increasing, complementary and
(Uiii) is trivially satisfied. This algorithm has exponential
complexity in log(n). (A. Fraenkel, many papers, first 19737)
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Sequences of non-negative integers

The first few (a,, b,) and (b, a,)
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Sequences of non-negative integers

Beatty's theorem

Figure: Lord J.W.S. Rayleigh
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Sequences of non-negative integers

Beatty's theorem

Figure: Lord J.W.S. Rayleigh

K. O’'Bryant (2009): “In the book, The Theory of Sound (1894),
Lord Rayleigh discovered and proved S. Beatty's famous
problem /theorem” .
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Sequences of non-negative integers

Beatty's theorem

Figure: Lord J.W.S. Rayleigh

K. O’'Bryant (2009): “In the book, The Theory of Sound (1894),
Lord Rayleigh discovered and proved S. Beatty's famous
problem/theorem” . It was (re)proved by A. Ostrowski and J.
Hyslop in 1927 in the American Mathematical Monthly,
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Sequences of non-negative integers

Beatty's theorem

Figure: Lord J.W.S. Rayleigh

K. O’'Bryant (2009): “In the book, The Theory of Sound (1894),
Lord Rayleigh discovered and proved S. Beatty's famous
problem/theorem” . It was (re)proved by A. Ostrowski and J.
Hyslop in 1927 in the American Mathematical Monthly, more than
30 years later...
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Sequences of non-negative integers

Rayleigh's theorem

Let R denote the real numbers.

Definition

Let a be a positive irrational, v € R. Then (|an+ v|)nen, is a
Beatty sequence.
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Sequences of non-negative integers

Rayleigh's theorem

Let R denote the real numbers.

Let a be a positive irrational, v € R. Then (|an+ v|)nen, is a
Beatty sequence.

Proposition (Rayleigh's theorem)

(Rayleigh 1894, Beatty 1926, Ostrowski & Hyslop 1927) Suppose

that (|an|)nen and (|Sn])nen are Beatty sequences. Then they
are complementary if and only ifé + % =1
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Sequences of non-negative integers

'Ostrowski/Hyslop proof’

Proof. Let us, for each n € N, estimate the total number of
elements, say X, in the two sequences < n. Since « and 3 are
irrational, we have the following bounds,

21+ 3] <x<F2l+ 3]

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



Sequences of non-negative integers

'Ostrowski/Hyslop proof’

Proof. Let us, for each n € N, estimate the total number of
elements, say X, in the two sequences < n. Since « and 3 are
irrational, we have the following bounds,

2+ 2] <x<fz1+ 2]
But then, for all n,

#{i€N|LiaJSn}+#{i€N|LiﬁJSn}=X=§+%=n,
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Sequences of non-negative integers

'Ostrowski/Hyslop proof’

Proof. Let us, for each n € N, estimate the total number of
elements, say X, in the two sequences < n. Since « and 3 are
irrational, we have the following bounds,

2+ 2] <x<fz1+ 2]
But then, for all n,

#{i€N|LiaJSn}+#{i€N|LiﬁJSn}=X=§+%=n,

iff 2+ 4 =1
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Sequences of non-negative integers

'Ostrowski/Hyslop proof’

Proof. Let us, for each n € N, estimate the total number of
elements, say X, in the two sequences < n. Since « and 3 are
irrational, we have the following bounds,

—

iff é + 1 =1. Hence, for all n, going from n— 1 to n, precisely
one of the elements from (|an])nen or (| 8n])nen is included to
the union

#{ieNILiann}+#{/eN|Uﬁjgn}:ng+

n,
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Sequences of non-negative integers

'Ostrowski/Hyslop proof’

Proof. Let us, for each n € N, estimate the total number of
elements, say X, in the two sequences < n. Since « and 3 are
irrational, we have the following bounds,

—

iff é + 1 =1. Hence, for all n, going from n— 1 to n, precisely
one of the elements from (|an])nen or (| 8n])nen is included to
the union iff é + % =1 0

#{ieNILiann}+#{/eN|Uﬁjgn}:ng+

n,
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Sequences of non-negative integers

The Wythoff pairs

Let ® = % denote the golden ratio. Then § + -7 = 1 and ®
is irrational so

A= ([®n])nen

and
B := (|9°n))nen

are complementary, increasing sequences.
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Sequences of non-negative integers

The Wythoff pairs

Let ® = % denote the golden ratio. Then § + -7 = 1 and ®

is irrational so
A= ([®n])nen

and
B := (|9°n))nen

are complementary, increasing sequences. Denote with A, = [®n]
and with B, = [®2n| = |(¢ + 1)n].
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Sequences of non-negative integers

The Wythoff pairs

Let ® = % denote the golden ratio. Then § + -7 = 1 and ®

is irrational so
A= ([®n])nen

and
B := (|9°n))nen

are complementary, increasing sequences. Denote with A, = [®n]
and with B, = [®2n] = [(® + 1)n|. For all n, B, = A, + n.
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Sequences of non-negative integers

The Wythoff pairs

Let ® = % denote the golden ratio. Then § + -7 = 1 and ®
is irrational so

A= ([®n])nen

and
B := (|9°n))nen

are complementary, increasing sequences. Denote with A, = [®n]
and with B, = [®2n] = [(® + 1)n|. For all n, B, = A, + n.

By blue A and B satisfy (U).
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Sequences of non-negative integers

The Wythoff pairs

Let ® = % denote the golden ratio. Then § + -7 = 1 and ®
is irrational so

A= ([®n])nen
and
B := (|9°n))nen

are complementary, increasing sequences. Denote with A, = [®n]
and with B, = [®2n] = [(® + 1)n|. For all n, B, = A, + n.

By blue A and B satisfy (U). The answer of the following question
may be determined in polynomial time in log(n). Given a pair
(X,Y),X <Y, is there any n such that (A,, B,) = (X, Y)?
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Sequences of non-negative integers

Recall the set P

If the Uniqueness theorem holds, clearly a = A and b = B. But
this can also be proved by elementary means, by verifying that, for
all n, a, = A,. This is done for a more general case in Lemma 3.3,

Paper IlI.
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Sequences of non-negative integers

Recall the set P

If the Uniqueness theorem holds, clearly a = A and b = B. But
this can also be proved by elementary means, by verifying that, for
all n, a, = A,. This is done for a more general case in Lemma 3.3,
Paper Ill. Here, we will rather use a certain 'absorbing kernel of a
digraph’, a set of previous player winning positions, P, of a
combinatorial game which | call Imitation Nim.
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What is a combinatorial game?

What is a game?
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What is a combinatorial game?

What is a game?

e How many players? zero (evolution), one (a patience), two
(Chess, Dame), many (Bridge, Football).
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What is a combinatorial game?

What is a game?

e How many players? zero (evolution), one (a patience), two
(Chess, Dame), many (Bridge, Football).

e Simultaneous moves (Prisoner’s dilemma/Tit for tat (Iterated
Prisoner’s dilemma)/Chicken race) move alternately (many
card games, Backgammon)?
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What is a game?

e How many players? zero (evolution), one (a patience), two
(Chess, Dame), many (Bridge, Football).

e Simultaneous moves (Prisoner’s dilemma/Tit for tat (Iterated
Prisoner’s dilemma)/Chicken race) move alternately (many
card games, Backgammon)?

e Random moves? Toss a coin/dice.
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What is a combinatorial game?

What is a game?

e How many players? zero (evolution), one (a patience), two
(Chess, Dame), many (Bridge, Football).

e Simultaneous moves (Prisoner’s dilemma/Tit for tat (Iterated
Prisoner’s dilemma)/Chicken race) move alternately (many
card games, Backgammon)?

Random moves? Toss a coin/dice.
Hidden information/hidden cards (Whist, Poker, Casino)
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What is a combinatorial game?

is a game?

How many players? zero (evolution), one (a patience), two
(Chess, Dame), many (Bridge, Football).

Simultaneous moves (Prisoner’s dilemma/Tit for tat (Iterated
Prisoner’s dilemma)/Chicken race) move alternately (many
card games, Backgammon)?

Random moves? Toss a coin/dice.
Hidden information/hidden cards (Whist, Poker, Casino)
All information is open (Othello).
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What is a combinatorial game?

is a game?

How many players? zero (evolution), one (a patience), two
(Chess, Dame), many (Bridge, Football).

Simultaneous moves (Prisoner’s dilemma/Tit for tat (Iterated
Prisoner’s dilemma)/Chicken race) move alternately (many
card games, Backgammon)?

Random moves? Toss a coin/dice.
Hidden information/hidden cards (Whist, Poker, Casino)
All information is open (Othello).

Who wins? (most points/last player to move).
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What is a combinatorial game?

Combinatorial games—A usual convention
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What is a combinatorial game?

Combinatorial games—A usual convention

@ 2 players and a starting position,
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What is a combinatorial game?

Combinatorial games—A usual convention

@ 2 players and a starting position,

@ a finite set of options,
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What is a combinatorial game?

Combinatorial games—A usual convention

@ 2 players and a starting position,
@ a finite set of options,

@ no hidden information,
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What is a combinatorial game?

Combinatorial games—A usual convention

2 players and a starting position,
a finite set of options,
no hidden information,

no chance-device affecting how the players move,
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What is a combinatorial game?

Combinatorial games—A usual convention

2 players and a starting position,

a finite set of options,

no hidden information,

no chance-device affecting how the players move,

the players move alternately,
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What is a combinatorial game?

Combinatorial games—A usual convention

2 players and a starting position,

a finite set of options,

no hidden information,

no chance-device affecting how the players move,
the players move alternately,

a final/terminal condition, which determines the winner of the
game
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What is a combinatorial game?

Combinatorial games—A usual convention

2 players and a starting position,

a finite set of options,

no hidden information,

no chance-device affecting how the players move,
the players move alternately,

a final/terminal condition, which determines the winner of the
game

@ the game ends in a finite number of moves, no matter how it
is played.
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What is a combinatorial game?

Combinatorial games—A usual convention

2 players and a starting position,

a finite set of options,

no hidden information,

no chance-device affecting how the players move,
the players move alternately,

a final/terminal condition, which determines the winner of the
game

@ the game ends in a finite number of moves, no matter how it
is played.

Perfect strategy—Game complexity.
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What is a combinatorial game?

Partizan games—Impartial games

Combinatorial games can be
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What is a combinatorial game?

Partizan games—Impartial games

Combinatorial games can be

e Partizan. The options depend on whose turn it is. (Chess, Go)
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What is a combinatorial game?

Partizan games—Impartial games

Combinatorial games can be

e Partizan. The options depend on whose turn it is. (Chess, Go)

@ Impartial. The options are the same for both players (Nim,
Wythoff Nim, Octal games (such as Kayles), Children games:
Subtraction games (such as “21"), Geography)

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



What is a combinatorial game?

Muller twists and Move size dynamics

They can have
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What is a combinatorial game?

Muller twists and Move size dynamics

They can have

@ a Move-size dynamic rule. For example Fibonacci Nim,
Winning Ways 1982, Berlekamp, Conway& Guy.

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



What is a combinatorial game?

Muller twists and Move size dynamics

They can have

@ a Move-size dynamic rule. For example Fibonacci Nim,
Winning Ways 1982, Berlekamp, Conway& Guy. Imitation
Nim, Paper II.
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What is a combinatorial game?

Muller twists and Move size dynamics

They can have

@ a Move-size dynamic rule. For example Fibonacci Nim,
Winning Ways 1982, Berlekamp, Conway& Guy. Imitation
Nim, Paper II.

@ a Muller twist/blocking manoeuvre. The game of “Quarto”
http://quarto.freehostia.com/en/ was a Mensa best mind

award winner in 1993. It was later proved that this game ends
in draw.
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What is a combinatorial game?

Muller twists and Move size dynamics

They can have

@ a Move-size dynamic rule. For example Fibonacci Nim,
Winning Ways 1982, Berlekamp, Conway& Guy. Imitation
Nim, Paper II.

@ a Muller twist/blocking manoeuvre. The game of “Quarto”
http://quarto.freehostia.com/en/ was a Mensa best mind
award winner in 1993. It was later proved that this game ends
in draw. My grandmother taught me a game with a blocking
manoeuvre, “Forbju namn”.
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What is a combinatorial game?

Muller twists and Move size dynamics

They can have

@ a Move-size dynamic rule. For example Fibonacci Nim,
Winning Ways 1982, Berlekamp, Conway& Guy. Imitation
Nim, Paper II.

@ a Muller twist/blocking manoeuvre. The game of “Quarto”
http://quarto.freehostia.com/en/ was a Mensa best mind
award winner in 1993. It was later proved that this game ends
in draw. My grandmother taught me a game with a blocking
manoeuvre, “Forbju namn”. But this is not an impartial
game, because one player moves and the other blocks off
options (a letter of a word).

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



What is a combinatorial game?

Muller twists and Move size dynamics

They can have

@ a Move-size dynamic rule. For example Fibonacci Nim,
Winning Ways 1982, Berlekamp, Conway& Guy. Imitation
Nim, Paper II.

@ a Muller twist/blocking manoeuvre. The game of “Quarto”
http://quarto.freehostia.com/en/ was a Mensa best mind
award winner in 1993. It was later proved that this game ends
in draw. My grandmother taught me a game with a blocking
manoeuvre, “Forbju namn”. But this is not an impartial
game, because one player moves and the other blocks off
options (a letter of a word). 'Blocking Wythoff Nim’, Paper I,
Il and III.
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What is a combinatorial game?

Normal play

The winning condition is given by:

The last player to move wins. This is called normal play. J
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What is a combinatorial game?

Terminology

Let G be an impartial game. Then G is P if the previous player,
the player who is not in turn to move, wins and N if the next
player wins. The set of all P-positions of G is denoted by

P = P(G) and ditto for A/. Denote the set of options of G by
F(G), that is, there is a move G — X if and only if X € F(G).
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What is a combinatorial game?

Terminology

Let G be an impartial game. Then G is P if the previous player,
the player who is not in turn to move, wins and N if the next
player wins. The set of all P-positions of G is denoted by

P = P(G) and ditto for A/. Denote the set of options of G by
F(G), that is, there is a move G — X if and only if X € F(G).

Let G be an impartial game. Then G is P iff F(G) C N and G is
N iff F(G)NP # 0.
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What is a combinatorial game?

Terminology

Let G be an impartial game. Then G is P if the previous player,
the player who is not in turn to move, wins and N if the next
player wins. The set of all P-positions of G is denoted by

P = P(G) and ditto for A/. Denote the set of options of G by
F(G), that is, there is a move G — X if and only if X € F(G).

Let G be an impartial game. Then G is P iff F(G) C N and G is
N iff F(G)NP # 0.

It follows that each terminal position is P.
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What is a combinatorial game?

Terminology

Let G be an impartial game. Then G is P if the previous player,
the player who is not in turn to move, wins and N if the next
player wins. The set of all P-positions of G is denoted by

P = P(G) and ditto for A/. Denote the set of options of G by
F(G), that is, there is a move G — X if and only if X € F(G).

Let G be an impartial game. Then G is P iff F(G) C N and G is
N iff F(G)NP # 0.

It follows that each terminal position is P. All our games can be
interpreted as so-called take away games: Given rules of game, the
players alternate in removing tokens from a finite number of heaps.
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Bouton’s game of Nim (1902)

The Impartial game of k-pile Nim

Let kK € N. k piles of tokens. A finite number of tokens in each
pile. A move consists in choosing precisely one of the piles and
remove any positive number of tokens from this pile, at most the
whole pile.
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Bouton's game of Nim (1902)

The Impartial game of k-pile Nim

Let kK € N. k piles of tokens. A finite number of tokens in each
pile. A move consists in choosing precisely one of the piles and
remove any positive number of tokens from this pile, at most the
whole pile.

Let x @ y denote the Nim sum of two non-negative integers x and
y, that is, the digits of x and y are added modulo 2 without carry.
(This is the Xor operation.)
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Bouton's game of Nim (1902)

The Impartial game of k-pile Nim

Let kK € N. k piles of tokens. A finite number of tokens in each
pile. A move consists in choosing precisely one of the piles and
remove any positive number of tokens from this pile, at most the
whole pile.

Let x @ y denote the Nim sum of two non-negative integers x and
y, that is, the digits of x and y are added modulo 2 without carry.
(This is the Xor operation.)

Theorem (C. Bouton (1902))

Let x;, i € {0,1,..., k} denote the respective pile-heights of k-pile
Nim. Then (x1,x2,...,xk) is a P-position if and only if ©x; = 0.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

@ Suppose the starting position is
(3,5).
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

@ Suppose the starting position is
(3,5).

@ Can Alice reassure a final victory?
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Suppose the starting position is
(3,5).

@ Can Alice reassure a final victory?
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Suppose the starting position is

(3,5).
@ Can Alice reassure a final victory?

@ She removes two tokens from the
pile with 5 tokens.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Suppose the starting position is

(3,5).
@ Can Alice reassure a final victory?

@ She removes two tokens from the
pile with 5 tokens.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Suppose the starting position is
(3,5).

@ Can Alice reassure a final victory?

@ She removes two tokens from the
pile with 5 tokens.

@ Bob may remove any number of
tokens from either of the piles, but
in effect he can only do one thing,
namely shift the piles into unequal
heights. Let us say he removes one
token from the left pile.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Suppose the starting position is
(3,5).

@ Can Alice reassure a final victory?

@ She removes two tokens from the
pile with 5 tokens.

@ Bob may remove any number of
tokens from either of the piles, but
in effect he can only do one thing,

namely shift the piles into unequal
. heights. Let us say he removes one

token from the left pile.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Alice may remove a token from the
right pile.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P =(0,0),(1,1),(2,2),... @ Alice may remove a token from the

right pile.

@ Bob can only shift into unequal
pile-sizes.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P = (0,0), (1,1),(2,2),. ..

@ Alice may remove a token from the
right pile.

@ Bob can only shift into unequal
pile-sizes.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P = (0,0), (1,1),(2,2),. ..

@ Alice may remove a token from the
right pile.

@ Bob can only shift into unequal
pile-sizes.

@ ..Alice wins.
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Bouton’s game of Nim (1902)

Example: 2-pile Nim

P = (0,0), (1,1),(2,2),. ..

@ Alice may remove a token from the
right pile.

@ Bob can only shift into unequal
pile-sizes.

@ ..Alice wins.
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Bouton’s game of Nim (1902)

The modification of Nim in Paper Il

In effect, for Nim, the first player's
strategy is:

‘in the middle of the game”
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Bouton’s game of Nim (1902)

The modification of Nim in Paper Il

In effect, for Nim, the first player's “in the middle of the game”
strategy is: Remove the same number of tokens from the larger
pile as the second player removed from the heap with less tokens.
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Bouton's game of Nim (1902)

The modification of Nim in Paper Il

Now the question is: What games do we get if we “undo” this
strategy?
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Bouton's game of Nim (1902)

The modification of Nim in Paper Il

Now the question is: What games do we get if we “undo” this
strategy? For Nim, the number of times a player may, in the above
sense, imitate the other player is unlimited.
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Bouton's game of Nim (1902)

The modification of Nim in Paper Il

Now the question is: What games do we get if we “undo” this
strategy? For Nim, the number of times a player may, in the above
sense, imitate the other player is unlimited. What if we fix a
number and say that repeated imitation beyond this number is not
allowed?

We arrive at a new game, a restriction of 2-pile Nim, with a new
winning strategy. What is this strategy?
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).

H B
I B Bl
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).

@ Alice moves to (1,2);

H B
I B Bl
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).

@ Alice moves to (1,2);

[ ]
I B Bl
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).
@ Alice moves to (1,2);

@ Removing a green token means to
imitate the previous move;

]
I B Bl
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).
@ Alice moves to (1,2);

@ Removing a green token means to
imitate the previous move;

@ If Bob moves to (0,2) he will lose right
away;

]
I B Bl
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).
@ Alice moves to (1,2);

@ Removing a green token means to
imitate the previous move;

@ If Bob moves to (0,2) he will lose right
away;

@ The imitation counter increases;

i B B
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).
@ Alice moves to (1,2);

@ Removing a green token means to
imitate the previous move;

@ If Bob moves to (0,2) he will lose right
away;

@ The imitation counter increases;

@ Alice moves to (0,1);

I N
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).
@ Alice moves to (1,2);

@ Removing a green token means to
imitate the previous move;

@ If Bob moves to (0,2) he will lose right
away;

@ The imitation counter increases;
@ Alice moves to (0,1);
@ This time, Bob may not imitate.

1]
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Imitation Nim (2009)

Example: At most one imitation

@ The starting position is (2,2).
@ Alice moves to (1,2);

@ Removing a green token means to
imitate the previous move;

@ If Bob moves to (0,2) he will lose right
away;

@ The imitation counter increases;
@ Alice moves to (0,1);
@ This time, Bob may not imitate.

. @ So (2,2) is N. Unlike in 2-pile Nim.
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Imitation Nim (2009)

For any pile-position 'greater’ than (2,2) we have removed the
strategy of Nim.
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Imitation Nim (2009)

For any pile-position 'greater’ than (2,2) we have removed the
strategy of Nim. Notice that for a starting position (0,1),(1,1) or
(1,2), Nim's original strategy holds.
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Imitation Nim (2009)

Imitation Nim

Let us now give a formal definition of an imitation:
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Imitation Nim (2009)

Imitation Nim

Let us now give a formal definition of an imitation:

Definition

Given two piles, C and D, where #C < #D and the number of
tokens in the respective pile is counted before the previous player’s
removal of tokens, then, if the previous player removed tokens from
pile C, the next player imitates the previous player's move if he
removes the same number of tokens from pile D as the previous
player removed from pile C.
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Imitation Nim (2009)

Imitation Nim

Let us now give a formal definition of an imitation:

Definition

Given two piles, C and D, where #C < #D and the number of
tokens in the respective pile is counted before the previous player’s
removal of tokens, then, if the previous player removed tokens from
pile C, the next player imitates the previous player's move if he
removes the same number of tokens from pile D as the previous
player removed from pile C.

The rules of (1,1)-Imitation Nim, IN, are the same as for 2-pile
Nim except that no imitation is allowed.

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



Imitation Nim (2009)

Imitation Nim

Let us now give a formal definition of an imitation:

Definition

Given two piles, C and D, where #C < #D and the number of
tokens in the respective pile is counted before the previous player’s
removal of tokens, then, if the previous player removed tokens from
pile C, the next player imitates the previous player's move if he
removes the same number of tokens from pile D as the previous
player removed from pile C.

The rules of (1,1)-Imitation Nim, IN, are the same as for 2-pile
Nim except that no imitation is allowed. ..a 'dual’ name:
Limitation Nim!
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Imitation Nim (2009)

Imitation Nim

Let us now give a formal definition of an imitation:

Definition

Given two piles, C and D, where #C < #D and the number of
tokens in the respective pile is counted before the previous player’s
removal of tokens, then, if the previous player removed tokens from
pile C, the next player imitates the previous player's move if he
removes the same number of tokens from pile D as the previous
player removed from pile C.

The rules of (1,1)-Imitation Nim, IN, are the same as for 2-pile
Nim except that no imitation is allowed. ..a 'dual’ name:
Limitation Nim!(A.Fraenkel)
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Imitation Nim (2009)

Since Imitation Nim is a Move-size dynamic game it is easiest to
analyse the starting positions of a game at first.

Proposition

(This is Corollary 1 in Paper Il) Treated as starting positions,
P(IN) = {{ai, b} | i € Ng}.

Proof. (sketch) Denote with P’ = {{a,, b,}} and with
NI = NO X No\Pl.
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Imitation Nim (2009)

Since Imitation Nim is a Move-size dynamic game it is easiest to
analyse the starting positions of a game at first.

Proposition

(This is Corollary 1 in Paper Il) Treated as starting positions,
P(IN) = {{ai, b} | i € Ng}.

Proof. (sketch) Denote with P’ = {{a,, b,}} and with

N’ = Ng x Ng \ P’. Suppose that Alice starts from a position X
and Bob plays next.

We need to prove that, given

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



Imitation Nim (2009)

Since Imitation Nim is a Move-size dynamic game it is easiest to
analyse the starting positions of a game at first.

Proposition

(This is Corollary 1 in Paper Il) Treated as starting positions,
P(IN) = {{ai, b} | i € Ng}.

Proof. (sketch) Denote with P’ = {{a,, b,}} and with
N’ = Ng x Ng \ P’. Suppose that Alice starts from a position X
and Bob plays next.
We need to prove that, given
(i) X € P’. Alice has to move to a position in N’ and she can
not prevent Bob from, in his next move, reaching a position
in P’
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Imitation Nim (2009)

Since Imitation Nim is a Move-size dynamic game it is easiest to
analyse the starting positions of a game at first.

Proposition

(This is Corollary 1 in Paper Il) Treated as starting positions,
P(IN) = {{ai, b} | i € Ng}.

Proof. (sketch) Denote with P’ = {{a,, b,}} and with
N’ = Ng x Ng \ P’. Suppose that Alice starts from a position X
and Bob plays next.
We need to prove that, given
(i) X € P’. Alice has to move to a position in N’ and she can
not prevent Bob from, in his next move, reaching a position
in P’
(i) X € N’ In her first move Alice either moves to a position in
P’ or, by removing tokens from pile C, she can prevent-Bob
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Imitation Nim (2009)

(i) o If Alice moves X = (an, by) — (an, t) she may not take
advantage of the imitation rule since she removes tokens from
the higher pile. By complementarity of a and b, the position is

in M.
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Imitation Nim (2009)

(i) o If Alice moves X = (an, by) — (an, t) she may not take
advantage of the imitation rule since she removes tokens from
the higher pile. By complementarity of a and b, the position is
in M.

o If Alice moves X = (a,, b,) — (t, b,) she may not prevent
Bob from reaching a position in P’, since, for all i < n,
b, —a; > b, — b; > a, — a; > a, — b; (think t = a; or b; for
some | < n).
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Imitation Nim (2009)

(i) o If Alice moves X = (an, by) — (an, t) she may not take
advantage of the imitation rule since she removes tokens from
the higher pile. By complementarity of a and b, the position is
in M.

o If Alice moves X = (a,, b,) — (t, b,) she may not prevent
Bob from reaching a position in P’, since, for all i < n,
b, —a; > b, — b; > a, — a; > a, — b; (think t = a; or b; for
some | < n).

(ii) If X is not of the form (aj, b;), either
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Imitation Nim (2009)

(i) o If Alice moves X = (an, by) — (an, t) she may not take
advantage of the imitation rule since she removes tokens from
the higher pile. By complementarity of a and b, the position is
in M.

o If Alice moves X = (a,, b,) — (t, b,) she may not prevent
Bob from reaching a position in P’, since, for all i < n,
b, —a; > b, — b; > a, — a; > a, — b; (think t = a; or b; for
some | < n).

(ii) If X is not of the form (a;, b;), either

o X = (t,b;) with t < a; or t > a;, but in either case, by (Ui)
and (Uii) there is a Nim type move to P’ and since it is the
first move of the game the imitation rule does not come into

play.
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Imitation Nim (2009)

(i) o

(i) If X

If Alice moves X = (a,, by) — (an, t) she may not take
advantage of the imitation rule since she removes tokens from
the higher pile. By complementarity of a and b, the position is
in M.

If Alice moves X = (a,, by) — (t, b,) she may not prevent
Bob from reaching a position in P’, since, for all i < n,

b, —a; > b, — b; > a, — a; > a, — b; (think t = a; or b; for
some | < n).

is not of the form (a;, b;), either

X = (t, b;) with t < a; or t > a;, but in either case, by (Ui)
and (Uii) there is a Nim type move to P’ and since it is the
first move of the game the imitation rule does not come into
play.

X = (aj,t) with t < b; (or t > b;), but we may dismiss the
latter as in the previous item. For the first case, suppose

a; < t. Alice may use the imitation rule to her advantage,
which follows from (Uiii).
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Imitation Nim (2009)

Namely, Alice should move to (a;—,;, t). Then the move

(at—a;, t) = (at—a;, bt—s;) is an imitation, since

t —bt_a =t —(ar—a +t—aj) =aj —ar—,. Thecase t < aj is
similar. If t = b; it follows by (Uiii) that a; > a; so we may assume
that t = a;. But then we may repeat the same argument with
exchanged for i. O
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Imitation Nim (2009)

Namely, Alice should move to (a;—,;, t). Then the move

(at—a;, t) = (at—a;, bt—s;) is an imitation, since

t —bt_a =t —(ar—a +t—aj) =aj —ar—,. Thecase t < aj is
similar. If t = b; it follows by (Uiii) that a; > a; so we may assume
that t = a;. But then we may repeat the same argument with
exchanged for i. O
This also proves the Uniqueness theorem and so

x=a=A

and

<
I
o
|
y]
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Imitation Nim (2009)

Namely, Alice should move to (a;—,;, t). Then the move

(at—a;, t) = (at—a;, bt—s;) is an imitation, since

t —bt_a =t —(ar—a +t—aj) =aj —ar—,. Thecase t < aj is
similar. If t = b; it follows by (Uiii) that a; > a; so we may assume
that t = a;. But then we may repeat the same argument with
exchanged for i. O
This also proves the Uniqueness theorem and so

x=a=A

and

<
I
o
|
y]

O
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Wythoff Nim (1907)

The game of W.A. Wythoff (1907)
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Wythoff Nim (1907)

The game of W.A. Wythoff (1907) | | @;i
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Wythoff Nim (1907)

The game of W.A. Wythoff (1907) | | ‘ﬁ

Wythoff Nim, WN, is an Impartial game played on two piles of
tokens. It was published 1907 in the article 'A modification of the
game of Nim' by W.A. Wythoff, a Dutch mathematician.
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Wythoff Nim (1907)

The game of W.A. Wythoff (1907) | | ‘ﬁ

Wythoff Nim, WN, is an Impartial game played on two piles of
tokens. It was published 1907 in the article 'A modification of the
game of Nim' by W.A. Wythoff, a Dutch mathematician. As an
addition to the rules of the original game of Nim, Wythoff allows
removal of an equal number of tokens from each pile.
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Wythoff Nim (1907)

The game of W.A. Wythoff (1907) | | ‘ﬁ

Wythoff Nim, WN, is an Impartial game played on two piles of
tokens. It was published 1907 in the article 'A modification of the
game of Nim' by W.A. Wythoff, a Dutch mathematician. As an
addition to the rules of the original game of Nim, Wythoff allows
removal of an equal number of tokens from each pile. That is
(x,y) = (x — i,y — i) is legal provided 0 < i < min{x, y}.
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Wythoff Nim (1907)

The game of W.A. Wythoff (1907) | | @q

Wythoff Nim, WN, is an Impartial game played on two piles of
tokens. It was published 1907 in the article 'A modification of the
game of Nim' by W.A. Wythoff, a Dutch mathematician. As an
addition to the rules of the original game of Nim, Wythoff allows
removal of an equal number of tokens from each pile. That is
(x,y) = (x — i,y — i) is legal provided 0 < i < min{x, y}.

The game is maybe more known as the impartial game “Corner the
Queen” (Rufus P. Isaacs, 1960), where the two players alternate in
moving one single Queen on a (large) Chess-board—aiming to be
the player who puts it in the lower left corner. The distance to this
corner must by each move decrease (L' norm).
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Wythoff Nim (1907)

Moves of Wythoff Nim

16
15

14

12 EE
11 B i
10 . :
9 - :
8 K ;
7 :
6 K :
5 . :
4 - :
3 . H
2| :
1 :
0 T

0[1]2[3]4|5]|6]|7|8|9]10]11{12]13[14
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Wythoff Nim (1907)

Adjoining P-positions as moves

Idea: Nim — Wythoff Nim, by adjoining all P-positions of Nim as
moves in Wythoff Nim.
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Wythoff Nim (1907)

Adjoining P-positions as moves

Idea: Nim — Wythoff Nim, by adjoining all P-positions of Nim as
moves in Wythoff Nim. This idea is adapted from a paper by A.
Fraenkel where he discusses an extension of Nim on several piles to
Wythoff Nim on several piles.
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Wythoff Nim (1907)

Adjoining P-positions as moves

Idea: Nim — Wythoff Nim, by adjoining all P-positions of Nim as
moves in Wythoff Nim. This idea is adapted from a paper by A.
Fraenkel where he discusses an extension of Nim on several piles to
Wythoff Nim on several piles. Indeed the P-positions of 2-pile Nim
are {(k, k) | k € N}
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Wythoff Nim (1907)

Adjoining P-positions as moves

Idea: Nim — Wythoff Nim, by adjoining all P-positions of Nim as
moves in Wythoff Nim. This idea is adapted from a paper by A.
Fraenkel where he discusses an extension of Nim on several piles to
Wythoff Nim on several piles. Indeed the P-positions of 2-pile Nim
are {(k, k) | k € N} = 'the set of diagonal moves of Corner the
Queen’.
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Wythoff Nim (1907)

Adjoining P-positions as moves

Idea: Nim — Wythoff Nim, by adjoining all P-positions of Nim as
moves in Wythoff Nim. This idea is adapted from a paper by A.
Fraenkel where he discusses an extension of Nim on several piles to
Wythoff Nim on several piles. Indeed the P-positions of 2-pile Nim
are {(k, k) | k € N} = 'the set of diagonal moves of Corner the
Queen’.

Where are the new P-positions?
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Wythoff Nim (1907)

Moves of Wythoff Nim

16
15

14

12 EE
11 B i
10 . :
9 - :
8 K ;
7 :
6 K :
5 . :
4 - :
3 . H
2| :
1 :
0 T

0[1]2[3]4|5]|6]|7|8|9]10]11{12]13[14
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Wythoff Nim (1907)

wythoff moves
16
15
14
TR I e R R R L SR |
12 M
11 . :
10 Pl [.- :
9 L :
8 . : P
7 P|.” ;
6 P|:
5 P :
4 P :
3| |- P :
2| ‘P :
1 P ;
o|P
o[1]2]3|4[5]6]7]8]9]10[11]12]13]14
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Wythoff Nim (1907)

16
15 P

14

13 P

12

11

10] s ¢ o o ofs o « .

9 B

8 ot P
7 P .

6 K : P

5 P

4] . . |P

3 B .

2] B .

1 B

o|P
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Wythoff Nim (1907)

The solution of Wythoff Nim

Theorem (W.A.Wythoff (1907))
P(WN) = {{A,’, B,'} ’ I € No}.
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

A game with memory

Fix a p € N. We may relax the imitation rule:
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

A game with memory

Fix a p € N. We may relax the imitation rule: Allow at most p — 1
consecutive imitations by one and the same player. Prohibit the
p:th imitation. This game we call (p, 1)-Imitation Nim.
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

A game with memory

Fix a p € N. We may relax the imitation rule: Allow at most p — 1
consecutive imitations by one and the same player. Prohibit the
p:th imitation. This game we call (p, 1)-Imitation Nim. Notice
that going from Imitation Nim to (p, 1)-Imitation Nim gives more
next player options.
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

A Diagonal Blocking Wythoff Nim

The “dual of Imitation Nim was defined already in Paper |, The
previous player may 'block off’ at most one option from the next
player's 'diagonal set’ of options.
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).

H B
1
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

H B
1

Urban Larsson, Géteborg Sequences and games generalizing the combinatorial game of W



(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

@ Alice moves to (1,1) and makes the
obvious block;

]
1
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Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

@ Alice moves to (1,1) and makes the
obvious block;

]
1
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

@ Alice moves to (1,1) and makes the
obvious block;

@ The second player may remove either
one of the tokens, but not both;

1
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

@ Alice moves to (1,1) and makes the
obvious block;

@ The second player may remove either
one of the tokens, but not both;

@ and since a player may not block off a
single token,
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

@ Alice moves to (1,1) and makes the
obvious block;

@ The second player may remove either
one of the tokens, but not both;

@ and since a player may not block off a
single token,

@ the first player wins, so (2,2) is N
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Example: One diagonal option may be blocked

@ The starting position is (2,2).
@ Bob chooses to block off (0,0);

@ Alice moves to (1,1) and makes the
obvious block;

@ The second player may remove either
one of the tokens, but not both;

@ and since a player may not block off a
single token,

@ the first player wins, so (2,2) is N
..just like in (2,1)-IN.
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(k,m)-Imitation Nim and its 'dual’ k-Blocking m-Wythoff Nim

Thank you!
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